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Uncertainty analysis methodologies represent an important tool in the field of reactor physics with appli-
cations which span from the design phase to the safety analysis, as a support to “best estimate” models. A
major source of uncertainty in reactor simulations is the input data set of the problem which is propa-
gated, throughout the model, to the final simulation output. In this paper we perform such a propagation
for a nonlinear point-kinetic model coupled to a lumped parameters system using a spectral technique,

based on the Polynomial Chaos Expansion (PCE). We present two different ways to implement this tech-
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nique, together with an overview of standard methods, and we apply them to a positive reactivity inser-
tion transient. We show that for low-dimensional coupled problems PCE methods achieve the precision
of Monte Carlo approaches at a significantly reduced computational cost.

© 2011 Elsevier Ltd. All rights reserved.

1. Introduction

The role of uncertainty analysis in nuclear reactor simulations is
becoming increasingly important and challenging as their size and
precision is constantly increasing. Moreover, regulations used in
reactor licensing have begun to allow the “best estimate plus
uncertainty” simulations approach, increasing the need for reliable
and precise uncertainty analysis methodologies (NEA, 2008). There
are different kinds of uncertainties to deal with, some of which are
represented by approximations introduced by the model or by the
numerical scheme used to solve it, however, one of the most
important challenges in Uncertainty Analysis (UA) is to handle
the uncertainty present in the input data of the problem (like the
material properties or the geometric descriptions).

This corresponds to estimating how the lack of knowledge in
the input data set influences the simulation outputs used in design
and safety analysis. Many techniques have been implemented and
used in the field so far, the main methods being statistical and
deterministic. The main distinction between the two is that statis-
tical methods are exact and require a large computational effort
while deterministic methods rely on model approximations which
make the technique faster compared to the first approach. A
common way to propagate uncertainties using a deterministic
approach is the application of first order perturbation techniques
based on adjoint formulations. The computational effort required
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to perform this propagation is relatively small and the accuracy
in the prediction of the output uncertainty for small perturbations
is good even for nonlinear problems (Cacuci, 2003).

Unfortunately within a safety analysis framework we are in
presence of strong nonlinearities, and large (possibly) non-Gaussian
input uncertainties often in range where the linear approximation
introduced by perturbation methods would not hold anymore. In
this paper we present the application of spectral techniques, based
on the Polynomial Chaos Expansion introduced by Wiener (1938),
to a coupled time-dependent model in order to propose an alterna-
tive to standard methodologies. PCE based techniques were first
proposed by Ghanem and Spanos (1991) and have been applied so
far to different scientific fields, ranging from Computational Fluid
Dynamics problems (Najm, 2009; Mathelin et al., 2005) to structural
mechanics (Ghanem and Spanos, 1997).

Two main PCE approaches, categorized as intrusive and non-
intrusive, can be used to implement these spectral techniques. As
the name suggests the main difference between the approaches
is that with the former it is possible to use the original code as a
“black box” while the latter involves the definition of a newly cou-
pled problem which needs to be coded and solved. Within the reac-
tor physics field the application of an intrusive PCE approach was
first presented for a neutron diffusion problem by Williams
(2007) and later applied to the transport equation in two studies
(Williams, 2006; Eaton and Williams, 2010) for fixed source and
eigenvalue problems. This concept has been also extended to
spatially random problems and to non-intrusive methods by Fichtl
(2009) while Roderick et al. (2010) presented the application of a
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PCE based regression technique to a coupled steady-state problem.
Regarding time-dependent problems the only application in the
nuclear field was proposed by Hagues et al. (2010) where an intru-
sive stochastic method is applied to a radionuclide dispersion mod-
el. No application to time-dependent nonlinear problems has been
presented so far.

In the present work we apply two PCE techniques, the Non-
intrusive Spectral Projection (NISP) and the Stochastic Galerkin
(SG) formulation, to a coupled time-dependent problem described
using a Point-Kinetics/Lumped-Parameters model. The implemen-
tation and the performance of the two techniques are discussed
and compared to standard methodologies. The paper is structured
as follows: first the model used to simplify the coupled physical
problem is introduced, then an overview of the traditional UA tech-
niques, together with an introduction to the two main methods to
implement the PCE are presented. In the final part the results of the
application of these techniques to a coupled time-dependent prob-
lem, describing a reactivity insertion transient, are discussed and
compared.

2. Derivation of the coupled time-dependent problem

The problem considered for the application of the Uncertainty
Quantification techniques introduced in the previous section is de-
scribed by a system of a coupled Ordinary Differential Equations
(ODE) modeling the time-dependent behavior of a simplified reac-
tor. The model is derived using a point-kinetic approximation for
the neutron population (Duderstadt and Hamilton, 1976) together
with a lumped parameter description of the reactor temperatures.
These assumptions allow the elimination of the spatial dependen-
cies and therefore focus on the time-dependent part. The point-ki-
netic system is

d—P*p(TﬁTCt)_ﬁP-‘ri/Lka

dt A £ )
G Bk
dr - Gt P

where P is the reactor power, A the mean generation time, C; the
concentration of the kth precursor group, f, and /, the delayed
neutrons fraction and the decay constant for the kth precursor
group and g the total delayed neutrons fraction. The thermo-kinet-
ics/thermal-hydraulics equations, needed to describe the removal
of the heat by the coolant, are approximated using a lumped param-
eter model, i.e. averaging the unknown values over the whole do-
main. Assuming the reactor is divided into a fuel and a coolant
region, their time-dependent average temperatures are described
by the equations

dr
My ;= P+ Ah(Te — Ty)

dT. | Tc—Ta
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where My and M. are the fuel and coolant mass respectively, h the
heat transfer coefficient, A the heat transfer surface, v the coolant
flow velocity, L the channel length and T;, the inlet temperature
of the coolant. The coupling between these two equations is given
by the presence of the power production term P and by the time-
dependent reactivity p(t) in the point kinetic equation, defined as
the contribution of three different terms

P(t) = Py + atp[Tr — T(0)] + 0c[Te — T(0)]

where p., represents an external reactivity insertion, op and o, are
the Doppler and the coolant reactivity coefficients respectively, and
T/0) and TO0) are the initial system temperatures. We assume that
the system starts from the following initial conditions

P(0) = P,
c(0) = P p,
A
T¢(0) =T.(0 &
H0) = Te(0) + 5
—T. POL
T.(0) =Ty + Mprcl/

In order to present the different techniques that can be used to per-
form UA of the system hitherto discussed, it is useful to reformulate
it using a more generic formulation. We reformulate the model as a
generic system of ODEs defined as

du
T L(ot,u) 2)
u(0) =U,

where L is a nonlinear operator, u the unknown solution of the
problem, and « the set of input parameters. In general, one may
not only be interested in the solution of the previous system but
also in a response R (a,u,t) which can be described as a functional
of the solution and the input parameter set. The first step required
to propagate uncertainties throughout the model is the introduction
of a random space 0 = [01,...,0n] which can be used to describe the
stochastic component of the input parameter set, 0,,...,0y are inde-
pendent random variables used to model the random input data
a(0). The introduction of this uncertainty in the input data set turns
the deterministic output of the model (represented by the unknown
system parameters and by the response) into a stochastic one, with
the output quantities u(0) and R (9) depending on the same random
variable set.

The propagation of uncertainties involves the determination of
this dependency of the system outputs on the random space 6.
Many methodologies can be applied to perform the task, in the
next section a brief description of the two main approaches, Monte
Carlo and Sensitivity Analysis, is given together with the introduc-
tion of the two main Polynomial Chaos Expansion techniques.

2.1. Standard uncertainty analysis methodologies

In this section we briefly describe the two main methodologies
used in the reactor physics domain to perform UA, in order to com-
pare them to the alternative spectral methods, which are as
follows.

2.1.1. Monte Carlo (MC) methods

The main concept behind the Monte Carlo approach is quite
straightforward: the random input data set is sampled M times un-
til the statistical moments of the simulation output converge. The
unbiased definition for the mean of a response R is

=

1
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R(0)

1

where 6 is a single realization of the random input set. The unbi-
ased variance is expressed by the equation

M
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the statistical error associated with these moments is proportional to
(1/M)!2. MC methods are relatively easy to implement and they do
not require any modification of the original code used to calculate
the output quantities. The use of the original mathematical model
to calculate the statistical moments allows the consideration of
physical phenomena that would be neglected using approximated
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methods, an example of this aspect can be found in the work by Roch-
man et al. (2009).

Since the convergence of Monte Carlo techniques is rather slow,
biasing techniques such as the stratified sampling or the Latin
Hypercube (Helton and Davis, 2002) are often required.

2.1.2. Adjoint Sensitivity Analysis

The other common approach for UA is the propagation of first
order uncertainty components by means of a perturbation analysis.
The first order variation of the response can be expressed using a
sensitivity coefficient defined as
Sk = % ﬂ

R o0ty

after the sensitivity coefficient for each of the input variables is cal-
culated the following expression can be used to obtain a first order
estimation of the statistical moments

ER) =Rg
%(R) =S'CS

where Ry is the response computed using the expectation value of
each input parameter, S is a vector containing the sensitivity coeffi-
cients and C is the covariance matrix for the input parameter set (in
the case of independent random variables, C is a diagonal matrix
containing the variance of each parameter). The Adjoint Sensitivity
Analysis Procedure, derived by Cacuci (2003), allows the definition
of the first order perturbation of a system response as follows:

dt + u*(0) - 0U,
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where ag and uq are, respectively, the expectation of the input
parameter set and the corresponding solution. The operators of
the equation are obtained applying the Gateaux Derivative (GD)
(Cacuci, 2003) to the original nonlinear problem while u* is defined
as the solution of the adjoint problem

du* oL OR
ou ou

T
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where the inhomogeneous term is the partial GD of the required
response with respect to the solution. Due to their approximation,
first order adjoint methods are very fast when large input data sets
are present, requiring only the nonlinear reference solution and a
single linear adjoint problem to be computed. This does not happen
when a large number of responses is considered, since the adjoint
problem has to be solved for each of them. This also means that
for time dependent problems the application of adjoint techniques
has to be localized to a limited number of instants since each of
them requires the solution of Eq. (3) with a different response.

2.2. Spectral techniques

Spectral techniques are based on the approximation of the sto-
chastic processes involved in the mathematical model by means of
a spectral expansion in the random space. There are many ways to
implement this expansion depending on the type of functions
used: in the present work we apply a generalized Polynomial
Chaos (gPC) Expansion defined using multidimensional orthogonal
polynomials. Xiu and Karniadakis (2002) introduced a family of
orthogonal polynomials, the Wiener-Askey scheme, that can be
used to represent different stochastic processes. In their work,
the authors shown that some polynomial are more suitable than
others to represent a particular random distribution. Hermite poly-
nomials, for example, are the best way to represent Gaussian ran-
dom variables while Legendre are better for uniform distributions.

The first step to implement the gPC is the introduction of a set
of identically distributed random variables & = [&4,...,¢n], where N
is the number of independent random variables needed to describe
the input data set, these variables depend on 6 and their distribu-
tion is defined by the polynomial basis used to describe the ran-
dom processes. The main property of any polynomial family of
the Wiener-Askey scheme is its orthogonality with respect to the
following definition of the inner product:

r+00
(P ) = [ @) Pa(OW(EE = i
where w is a weight function (measure) which depends on the poly-
nomial expansion used.

Once the polynomial family is chosen, it is possible to represent
any stochastic quantity using a truncated expansion. For example
the random input data set can be expanded as

(&) =y ai(%)

where the number of terms P of the truncated expansion is given by
the equation

where p is the highest polynomial degree used and N is the number
of independent random variables. The other stochastic quantities
involved in the problem (solution and responses) can also be repre-
sented using the same spectral expansion

oo (4)

Applying spectral techniques means propagating the input coeffi-
cients o; to the output sets u; or r;. Once these approximated solu-
tions are known it is possible to calculate (Le Maitre and Knio,
2010) the mean and standard deviation for the expansions as
follows:

ER]=ro )

for the mean and

oR = /> (¥, w)r? (6)
for the variance.

Different techniques can be used to determine the coefficients
of the solution expansions, the main distinction that can be made
is between intrusive and non-intrusive approaches. In the subse-
quent paragraphs the two different techniques will be briefly
introduced.

2.2.1. Non-intrusive Spectral Projection

The ith coefficient of the gPC expansion describing a system re-
sponse can be calculated by projecting it on the respective
polynomial

(R, Vi)

ri= 7y (7)

The problem is that the response R is unknown and determining its
behavior along each random direction would be a huge effort in
terms of calculations required.

One may think of solving the numerator of Eq. (7) using a Monte
Carlo technique, sampling the model until a statistical convergence
is reached. In this way the code could be used as a “black box” to
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determine the coefficients of the Chaos expansion, but the problem
is that the computational cost would be the same as for a direct
Monte Carlo sampling approach.

The deterministic alternative is, on the other hand, the intro-
duction of numerical integration techniques as quadrature formu-
lae. In the case of a one dimensional random problem, the
numerator of Eq. (7) can be computed using the numerical
approximation

[ Reem (e = ZW1 (¢)=a'r

¢ and wi are, respectively, the quadrature points and weights asso-
ciated with the quadrature formula used. This means that the inte-
gral can be solved by “sampling” the output in the specific
quadrature random locations, thereby reducing the computational
effort with respect to a standard Monte Carlo integration. In case
of a multidimensional random input the quadrature formula can
be easily extended using a tensor product notation

HH

=3 . ZR(&';,...

i1=1 in=1

Q"R= (@@ ® Q)R W W
where we assume that the same quadrature formula is used in each
direction. Fig. 1 shows the quadrature map used in the present work
for a two-dimensional problem. Rules to build quadrature formulae
are provided with more details in reference (Le Maitre and Knio,
2010).

In general the method offers an optimal degree of exactness in
the determination of the spectral projection we are looking for,
however its main issue is given by the number of quadrature
points required to achieve this accuracy. For tensor product formu-
lae this number is equal to [V, where [ is the number of quadrature
points in each direction and N the dimension of the random space.
It is clear that for high dimensional problems the method would
have a computational cost comparable or even larger than a stan-
dard Monte Carlo technique, making the approach less appealing.
The problem is usually tackled using sparse grid constructions
and nested quadrature in the random space which allow the reduc-
tion of the dimensionality of the problem drastically. Although we
limit the present application to a low dimensional problem solved
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Fig. 1. Quadrature points for a two-dimensional tensor product formula, 15
quadrature points in each direction.

using a standard tensor product formula, the use of these tech-
niques becomes necessary as soon as the random dimension
increases.

2.2.2. Non-intrusive projection using first order information

As mentioned before, the first order sensitivity analysis can give
accurate predictions at a very low computational cost. This hap-
pens when the dependency of the model output is linear with re-
spect to the input parameters or when their variation is small. In
these cases a first order perturbation technique would represent
a very convenient way to perform uncertainty propagation.

Supposing we are in presence of a subset of input parameters
for which the previous conditions are true, one may think of using
a first order perturbative estimation to calculate the solution corre-
sponding to the stochastic points required to build the spectral
coefficients. In other words, we can calculate a subset of output
values using a SA technique assuming that the output variation
in the corresponding directions is linear. Which corresponds to
using the following first order Taylor expansion, e.g. for the compo-
nent &,

OR

R(éhéZw"véN)%R(é‘l’o'ﬂ' 5 ) 8y

0¢a 8)

NISP techniques define a strategy to choose the stochastic points
needed to build the coefficients of the spectral expansion without
specifying how these points are obtained, it is therefore possible
to use a partially linearized model to reduce the number of full cal-
culations performed.

The problem is that the behavior of the model output with re-
spect to the input parameters is not known a priori, which means
that we need a method to define the random directions that can be
linearized. A preliminary criterion to decide if the influence of a
random variable is linear can be based on its standard deviation
magnitude, however a more detailed and deep analysis is needed.
One way to deal with this issue could be derived from the defini-
tion of the Second Order Adjoint problem: as it has been shown
in Williams (1986) with N further calculations one can determine
the second order perturbation components of the system. This
analysis has not been performed in the present work but the con-
cept of partially linearized sampling is presented within the exam-
ple section.

2.2.3. Stochastic Galerkin approach

The final approach we present, known as Stochastic Galerkin,
provides an alternative way to obtain the coefficients of the spec-
tral expansion, based on a direct projection of the model. Firstly, all
the random quantities of the system described in Eq. (2) are re-
placed by their spectral expansion

oW

(d) Z“x 8.3 u ©)
i=0

In this way, taking the inner product of this system with respect to

each polynomial of the expansion, it is possible to define a new

system of ODEs for each unknown coefficient

(o))

the system of ODEs generated by this operation describes the cou-
pling between P subsystems where each of them refers to the jth
coefficient of the spectral expansion of the solution. In other words,
determining the components of the spectral approximation requires
the solution of a system P times larger than the original one. This
dimension depends both on the number of random variables
introduced and on the order of the polynomial approximation,

<lplp
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hence the solution may be problematic in presence of a large input
data set.

Furthermore, a larger effort from the implementation point of
view (compared to the other methods introduced so far) is re-
quired since a new differential problem has been defined. In gen-
eral, using spectral expansions to represent the stochastic
quantities in Eq. (9) introduces operations between summations:
in case of linear problems these are simple products between the
expansions used to approximate the random parameters and the
ones representing the stochastic unknowns while for nonlinear
problems more complicated forms could arise. For example, in
presence of first order nonlinearities (as in Eq. (1)) the introduction
of spectral expansions would generate for each nonlinear term a
triple product between a stochastic input quantity and two sto-
chastic unknowns.

The definition the Stochastic Galerkin problem of Eq. (10)
means knowing how these terms are projected on each term of
the polynomial basis. If we have the following double summation

,
uQu(g) =Y Y o Pi(8)¥i(8) =f(¢)

P
i=0 j=0

projecting it on the kth polynomial corresponds to performing the
following operation:

P
fk = Z O!,'chijk (11)

P
i=0 j=0
where Cjj is a three dimensional tensor defined as

. _ (Vi)
ijk = <lPklPk>

In the same manner, it is possible to derive an expression for the tri-
ple product

P
(&)1 (E)u2(8)]m = > Tjum &tz (12)

J.k,=0
where the four dimensional tensor
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is used. The tensors therefore define the coupling between the dif-
ferent stochastic coefficients of the PCE expansion. Using these
forms, performing the projection for the system defined by Eq. (1)
is relatively simpler. The detailed description about the definition
of the Stochastic Galerkin problem for Eq. (1) has been included
in Appendix A.

2.2.4. Comparison between the different approaches

The spectral techniques introduced so far can be regarded as
one way to achieve the accuracy of Monte Carlo calculations in a
deterministic fashion. But the computational cost required for
the application of such methods increases rapidly with the dimen-
sion of the random problem, this drawback is usually known as the
“curse of dimensionality” (Le Maitre and Knio, 2010).

The number of black box calculations required by NISP ap-
proach using a uniform tensor product quadrature is n", where N
is the number of independent random variables used and n the
number of quadrature points in each direction, on the other hand
the Galerkin problem would be P times larger than the original,
with P directly depending on the dimension and on the polynomial
order used. This means that in the presence of 10 independent ran-
dom variables a NISP would need around 1 million calculations
using a 4 points quadrature rule while a fourth order Stochastic
Galerkin would involve the definition and the solution of a

problem 1000 times larger than the original, in other words with
the increase of the stochastic dimension both techniques become
eventually computationally more expensive than Monte Carlo.
The application of optimization procedures is therefore necessary
to make spectral techniques attractive for more realistic models.
From this point of view non-intrusive approaches offer a broader
range of ways of reducing the number of calculations required.
For example, the use of a sparse grid would reduce the computa-
tional requirements of the projection drastically.

3. Application to a reference transient

The techniques introduced so far have been applied to the cou-
pled Point Kinetics/Lumped Parameters model (1) presented in the
second section. The simplified model was used to analyze the time
dependent behavior of a BN800 sodium fast reactor design de-
scribed in the IAEA technical report (IAEA, 1994). The input data
needed by the simplified model (collected in Table 1) were ob-
tained using the ERANOS suite (Rimpault et al., 2002) for the neu-
tronics parameters and using (Waltar and Reynolds, 1981) as a
reference for the heat removal parameters.

The reference transient analyzed using the model is the re-
sponse to a step reactivity insertion of 1$. The uncertainty analysis
around this reference solution has been performed considering two
different stochastic problems.

e Case a: The first problem, where both reactivity coefficients (op
and o) are stochastic, with a Relative Standard Deviation of 10%
each.

e Case b: The second problem, where the inserted reactivity and
the Doppler coefficient are stochastic (5% and 10% RSD
respectively).

In both cases the random inputs are assumed to be Gaussian
(using the data from Table 1 for their mean values) and indepen-
dent. This kind of distribution has been chosen in order to compare
the results with the outcome of the first order uncertainty propa-
gation despite the fact that the infinite support of the distribution
could in theory lead to the generation of “undesired” transients
(corresponding to a change of sign of the external reactivity or
feedback coefficients). However, due to the small standard devia-
tion of the input quantities, all the realizations needed to build
the quadrature formulae for the NISP and the coupling tensors
for the SG were within the desired limits.

We limited the application to a two-dimensional random prob-
lem for the sake of simplicity, however the introduction of larger
random spaces would be relatively easy to implement using the
multidimensional polynomial derivation explained in Le Maitre
and Knio (2010). The solution of the reference transient and the
application of the UQ techniques has been performed using MAT-
LAB and its built-in solvers. The Monte Carlo method has been
implemented using unbiased sampling while the sensitivity
coefficients have been obtained using the adjoint problem defined
by Eq. (3).

Table 1

Parameter values and uncertainties used in the coupled model.
P (MW) 1800 A(s) 4e—7
M (kg) 9675 M. (kg) 1168
Cpr (JIkgK) 500 Cpe (J/kg K) 1200
Ah (kW/K) 2.5e+6 v (m/s) 7.5
oq (pcm/K) —-0.687 %RSD(01q) 10
ot (pem/K) 0.123 %RSD(0rc) 10
Pext (5) 1 %RSD(p) 5
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In order to implement the NISP and the Stochastic Galerkin
methods we used a gPC expansion based on two-dimensional
Hermite polynomials. This expansion is the best choice in case of
Gaussian processes since it can fully describe them within the first
two terms. A fifth order polynomial expansion was used for both
spectral techniques, this truncation order has been chosen in order
to verify the convergence of the spectral expansion. The non-
intrusive projection was obtained using a tensor product
quadrature formula while the Galerkin problem derived for the
intrusive approach is described in Appendix A.

3.1. Results and discussion

The results of the application of the different techniques intro-
duced so far are presented in this section. The analysis was done
for the transient described in the previous section considering
the two different stochastic inputs a and b.

Figs. 2 and 3 show the time dependent mean values and the
associated uncertainty bands (given by adding and subtracting
the standard deviation) of the reactor power and the system tem-
peratures for cases a and b. The solutions obtained using the two
different spectral methods present in all cases a very small differ-
ence which can be expected since the two numerical approaches
differ sensitively. The time-dependent behavior of the uncertain-
ties associated with the system temperatures is similar for both

stochastic cases while the uncertainty on the power prediction
reaches a sensitively higher maximum value for the case b (intui-
tively since there is an uncertainty on the reactivity introduced
in the system which is the driving quantity of the transient). In this
case the large magnitude of the standard deviation causes an irreg-
ular profile of the uncertainty band around the power peak. The
first important thing to point out is that, since the probability den-
sity function of the output quantities can be nonsymmetric, the
mean value does not correspond to the solution obtained using
the expectation values of the input data, as we would assume
while performing a first order uncertainty propagation. A second
remark is that obtaining these plots with an adjoint sensitivity
technique would require the solution of the adjoint problem at
each instants that require the determination of the uncertainty,
thus increasing the computational cost. On the contrary, this is
much easier with Monte Carlo and PCE techniques since the evolu-
tion of the time-dependent behavior of the uncertainty is a direct
outcome of the method. While adjoint methods should be applied
to estimate the uncertainties for few time-localized responses,
spectral methods can be used to determine the most sensitive
points during a transient.

The choice of using a fifth order truncated spectral expansion
has been made in order to perform a convergence analysis of the
solution with respect to the polynomial approximation used.
Fig. 4 shows the time dependent standard deviation of the power
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Fig. 2. Mean value and uncertainty bands caused by the uncertainty on the reactivity coefficients oq and o, (case a). Power plotted in a semi-logarithmic scale.
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Fig. 3. Mean value and uncertainty bands caused by the uncertainty on the reactivity insertion p.y and on the Doppler coefficient o4 (case b). Power plotted in a semi-

logarithmic scale.
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Fig. 4. Time-dependent standard deviation of the power for cases a (left) and b (right) calculated with different PCE truncation orders.

Table 2
Mean and standard deviations (obtained with different techniques) of the power and fuel temperature for the stochastic case a at two different instants (¢ =0.0034 s and t =1 s).
P Ty
t=0.0034 t=1 t=0.0034 t=1
E 4 E o E T E o N. Calc.
NISP(7) 26.4975 0.7948 1.8612 0.1458 1287.2526 0.2035 1788.8997 70.1142 49
NISP(15) 26.4975 0.7948 1.8612 0.1458 1287.2526 0.2035 1788.8997 70.1155 225
ASAP 26.4778 0.7931 1.8405 0.1134 1287.2400 0.2033 1779.5600 64.3146 1+21
NISP + ASAP 26.4975 0.7948 1.8612 0.1457 1287.2526 0.2035 1788.8912 70.1150 7+2l
SG 26.4975 0.7948 1.8612 0.1457 1287.2526 0.2035 1788.8997 70.1156 1*
MC 26.4975 0.7948 1.8612 0.1458 1287.2532 0.2031 1788.8854 70.1163 10,000
+5e-5 +6e—5 +2.5e-5 +3.5e-5 +0.01 +0.002 +0.016 +0.002

for the stochastic cases a and b obtained using different expansion
orders. As it can be observed from the figure, a second order expan-
sion is enough to represent case a while a fourth order one is re-
quired the represent case b. It is also possible to see how a
higher order expansion is necessary to calculate the standard devi-
ation during the power peak, while when the solution relaxes due
to the feedback mechanisms the discrepancy with respect to the
first order approximation reduces considerably. This suggests that,
for the problem analyzed, a lower order chaos expansion is suitable
to represent random processes during the transient. It is known
that spectral representations of time-dependent stochastic pro-
cesses may be afflicted by convergence issues (Wan and Karniada-
kis, 2006) requiring an increasing number of polynomial terms for
their accurate representation during the time-evolution. Different
techniques to overcome this problem have been proposed and they
generally require a more complicated implementation (Geritsma
et al,, 2010; Wan and Karniadakis, 2005).

However, in this particular example, the presence of feedback
mechanisms causes the solution to grow relatively slowly during

the time interval following the power peak. For time-dependent
problems reaching a steady state PCE techniques have been proved
to converge even for long transient behaviors (Hagues et al., 2010)
in this case the feedback nature of the problem and the relatively
short time interval make the PCE to converge to an accurate solu-
tion. In general, this convergence needs to be confirmed for longer
transients or for large scale system because it could represent one
of the main obstacles for the application of PCE techniques to time-
dependent problems.

Tables 2 and 3 contain the mean value and the uncertainty in
the prediction of the power and the fuel temperature at two differ-
ent instants: in the proximity of the power peak (t = 0.0034 s) and
at t=1s, when the standard deviation of the fuel and the coolant
temperatures starts to increase. Each table includes the results ob-
tained with the two PCE techniques (NISP and SG) together with
the values calculated using a standard Monte Carlo sampling and
the ASAP method. The NISP technique has been applied using
two different quadrature grids (7 x 7 and 15 x 15) while the row
NISP + ASAP means that a partially linearized model has been used

Table 3
Mean and standard deviations (obtained with different techniques) of the power and fuel temperature for the stochastic case b at two different instants (¢t = 0.0034 s and t =1 s).
P Ty
t=0.0034 t=1 t=0.0034 t=1
E o E o E g E g N. Calc.
NISP(7) 35.6535 29.5391 1.8603 0.1477 1290.6895 12.5270 1789.0554 78.6719 49
NISP(15) 35.6529 29.5293 1.8603 0.1477 1290.6895 12.5276 1789.0554 78.6731 225
ASAP 26.4778 18.0783 1.8405 0.1357 1287.2495 8.4011 1779.5634 72.7214 1+21
NISP + ASAP 35.5562 29.0222 1.8396 0.1357 1290.6762 12.4670 1779.7154 72.7067 7+21
SG 35.6531 29.5395 1.8603 0.1477 1290.6895 12.5271 1789.0553 78.6735 1*
MC 35.6571 29.5212 1.8603 0.1477 1290.6895 12.5276 1789.0501 78.6811 10,000
+0.004 +0.01 +5e-5 +4e-5 +9e-2 +0.0025 +0.018 +0.015
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Fig. 5. Pdf for the peak power of case b between PCE (continuous) and Monte Carlo
(dashed).

to calculate the output value on the quadrature points of the NISP
(the linearized direction is o for the first case and «p for the sec-
ond). The right column contains the number of calculations needed
to apply the method, the letter I means that the calculation is linear
(2 linear calculations are needed to apply the ASAP technique, 1 for
each of the responses considered) while the star () means that a
system 20 times larger than the original one has been solved in or-
der to apply the SG approach. The calculation of the standard devi-
ation at t=1s needed approximately 10s using the ASAP

technique, 29 s using the 7 x 7 NISP approach, 180s using the SG
and 1.5 h using the unbiased Monte Carlo sampling.

As the results show, implementing the NISP using a 7 points
quadrature instead of a 15 points leads to no numerical difference
in the uncertainty for case a while a small error is present in case b.
In presence of Gaussian profiles, quadrature rules need few points
to approximate integrals with a larger accuracy. If a large number
of points is needed to reduce the projection error (as for case b) it
means that the probability distributions are nonregular.

The values obtained with both spectral techniques compare
very well to the Monte Carlo estimations, the first methods being
much faster due to the small number of random parameters. This
agreement can be also verified for the probability density functions
of the problem, for example Fig. 5 shows the pdf associated to the
power at t=0.0034 s, obtained with the PCE approach and with a
standard Monte Carlo sampling. It is apparent to see how the shape
of this pdf is far from the Gaussian distribution (in other words it
requires more terms for its spectral representation) which is the
shape assumed by first order propagation techniques. The tables
show how, in fact, the first order approximation gives a consider-
able error in the prediction of many of the responses considered.
The main reason for this is the large input uncertainty which places
the problem in the region where the linear assumption ceases to be
valid. Nevertheless, for case a many results present, compared to
the other techniques, a good degree of accuracy. In these cases
the adjoint technique would be the best choice from a computa-
tional point of view, being the fastest of the group. However, as
it can be seen in Table 3, the method largely fails to predict some
values for the second case, in particular the uncertainty on the
peak power. This discrepancy is shown in Fig. 6 where the proba-
bility density functions (for case b) obtained using the NISP ap-
proach are compared with the Gaussian prediction resulting from
the adjoint method. This example clearly shows how in some cases
the first order approximation is not suitable to perform UA and
how PCE techniques are able to rebuild this stochastic information
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Fig. 6. Comparison of the pdfs associated to the system unknowns for the case b obtained with a PCE expansion (continuous line) and with a first order adjoint technique

(dashed line).
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Fig. 7. System response (Coolant temperature at t = 0.0034 s and t =1 s, case b) in the two-dimensional random space.

in a deterministic way. This type of probability density profile
could have important consequences from a probabilistic risk
assessment point of view. In our example the probability density
function for the fuel temperature has a tail toward higher values
which means that the probability of it being higher than a safety
limit we may be interested in (ex. melt down temperature) is lar-
ger than the one calculated using a Gaussian distribution.

One last remark is about the results obtained using a NISP
method with a partially linearized model. The row NISP + ASAP
in the tables shows that if a partially linearized model is used to
linearize the dependency with respect to the coolant coefficient
for case a and the Doppler coefficient for case b, the results ob-
tained are, in most of the cases, very similar to the results of the
two-dimensional projection. The only case where the prediction
suffers from the partial linearization is for case b at t=1 s, where
the statistical moments are closer to the ones obtained with the
ASAP technique. The reason can be understood from Fig. 7 where
the response surface for the coolant temperature has been plotted
for case b at the two different instants considered: at t = 0.0034 s
the behavior along the Doppler direction is almost linear and we
can therefore approximate it by using the first order information
obtained from sensitivity analysis while at t=1s the first order
approximation is not good enough to approximate the model with-
out losing important information.

In theory, first order techniques could be carefully used to apply
the NISP in presence of high dimensional random problems, reduc-
ing the number of sampled points and therefore the computational
cost. That would require an “a priori” knowledge of the time
dependent response behavior with respect to the input parame-
ters, an aspect which would need further investigation.

4. Conclusion and future work

In this paper we propose the application of spectral techniques
as an alternative method for Uncertainty Quantification of time-
dependent multi-physics problems. Two different approaches have
been introduced: the Non-intrusive Spectral Projection and the
Stochastic Galerkin, which are both based on the definition of the
Polynomial Chaos Expansion. The methods have been applied to
a simplified coupled problem, a Point-Kinetics/Lumped Parameters
system, and their outcomes have been analyzed and compared to
the values obtained with an exact Monte Carlo sampling and with
a first order adjoint technique.

For the example considered, Polynomial Chaos techniques
proved to converge to an accurate solution during the whole
transient, achieving the precision of direct sampling at a reduced

computational effort. Although in many cases the prediction pro-
vided by first order approximations is rather good, there are situa-
tions in which the linearization neglects important phenomena
that can lead to nonconservative estimations in safety analysis.
However, in presence of a large set of random input variables the
number of computations needed by spectral methods increases,
becoming even larger than Monte Carlo techniques: hence optimi-
zation techniques have to be used.

Intrusive and non-intrusive projections lead to the same results
but require a completely different implementation: the main diffi-
culty for intrusive methods is that a large coding effort is required
when Non-intrusive Spectral Projection techniques rely only on the
definition of the sampling points in the random space. The imme-
diate consequence is that, unlike the Stochastic Galerkin formula-
tion, the extension of Non-intrusive Spectral Projection to large
scale problems is straightforward, i.e. once the quadrature points
are chosen we can use any ‘“black box” code for the calculation
of their values. The relative simplicity and the potential improv-
ability of Non-intrusive Spectral Projection methods prompts us
to continue our work in this direction, with the implementation
of adaptive sparse grid quadratures techniques and the develop-
ment of a partially linearized scheme in order to reduce the overall
computational requirements.
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Appendix A. Stochastic Galerkin problem for the nonlinear
point-kinetic model

First we approximate the stochastic input quantities using the
following spectral expansions:

1.
Pext = ;}péxt lPl(f)
i
] .
oap = op Pi(€)
i=0
l .
oe =y o Wi(€)
i=0
where the sum is truncated to 1 assuming that the quantities are

Gaussian and that we are using Hermite polynomials. The same is
done for the stochastic unknowns
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the implementation of the Stochastic Galerkin formulation is done
by substituting these expansions in Eq. (1) and projecting the
resulting system on the pth polynomial of the basis. The first com-
plication arises from the product between the stochastic external
reactivity and the power

1P
pextP = Z Zpextp Yi(&) Y (f)

i=0 j=0

the projection on the pth polynomial of this expression is, using
Eq. (11),

PP
(PextP) Z Z plextpjcifp
i=1 j=0

where we used the three dimensional tensor Cjj, introduced before.
Similarly we can project the nonlinear reactivity feedback term
using the four dimensional tensor Ty, as

1 P )
=3 T TPy

Jj=0 kl=0

OCdeP

the tensors Cj, and Tjy, define the coupling between each of the
coefficients of the spectral expansion. After some small manipula-
tion, the final stochastic system can be written as

Py -~y Pexe — % T7(0) — T (0) (B )
d_tp _ Z chlp ext — %p f/1 =P, + Z {ZPP + Aka,p}
j=0 =0 k=1
1P
YD T L TP+~ TeiPr
j=0 [=0 k=0
dCy B
o= G

dT
Mfcpfd—ft P+AR(Tcp —Tpp)
— + ”@} =Ah(Tgp — Tep)

If we assume the initial conditions to be deterministic we will have
the same initial value as (1) for p = 0 and zero initial amplitude for

the rest of the coefficients. On the other side, in case of stochastic
initial conditions the initial value for each coefficient p needs to
be evaluated by performing the usual projection.
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