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Abstract –An analytical expression was derived for the average Dancoff factor of a fuel kernel (Cfk) in a
pebble of a high-temperature gas-cooled reactor. This Dancoff factor accounts for the probability that a
neutron escaping from a fuel kernel enters another fuel kernel, in the same pebble or in other pebbles,
without colliding with a moderator nucleus in between. If the fuel zone of the pebble is thought to be of
infinite dimensions, the Dancoff factor becomes equal to the so-called infinite-medium Dancoff factor C`

fk.
The C̀fk has been determined by the evaluation of three existing analytical expressions and by two Monte
Carlo calculations performed with the MCNP-4A code, for various coated-particle densities. The Dancoff
factor Cfk can be written as C̀fk times a correction factor. The latter has been calculated for different fuel
zone radii and pebble shell thicknesses. For the standard pebble, Cfk as a function of the number of coated
particles has been calculated both analytically and with MCNP. The results of both methods are in good
agreement. The analytical calculation method is preferred because it consumes practically no CPU time
and obviates the building of MCNP models.

I. INTRODUCTION

A pebble bed–type high-temperature reactor~HTR!
is fueled with 6-cm-diam graphite spherical fuel ele-
ments. Within these pebbles one can distinguish an outer
fuel-free spherical shell~2.5 , R , 3 cm! and a fuel
zone~R , 2.5 cm!, in which tens of thousands of tiny
coated fuel particles are embedded. A pile of pebbles can
be considered a double-heterogeneous system. The first
heterogeneity, on the smallest geometric scale, is the fuel
kernel that is surrounded by the coating layers and graph-
ite matrix successively. The second one is the heteroge-
neity of the fuel zone and the pebble shell.

A standard calculational scheme starts with the prep-
aration of group cross sections on the finest geometric

scale, which in the case of an HTR would be the fuel
kernel surrounded by coating layers and graphite. The
structure on this elementary level is then translated into
a unit cell, which, for instance, could be a spherical multi-
region unit cell with white-boundary conditions, in which
the thermalization and neutron slowing-down problems
are treated.

The resonance absorption is usually calculated by the
collision probability method applied for a unit cell with
a fuel and moderator region. For such a two-region unit
cell, the neutron slowing-down process can be described
by two coupled integral equations, as originally pro-
posed by Chernick.1 By assuming flat sources in both the
fuel and the moderator regions, applying the reciprocity
theorem, and assuming a 10E flux in the moderator, these
two coupled equations reduce to a single slowing-down
equation for the energy-dependent flux in the fuel region*E-mail: bende@nrg-nl.com
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~see many textbooks, for example, Ref. 2, p. 430!. The
numerical integration of this equation,3 with respect to
the energy-dependent flux, is referred to as the Nord-
heim integral method.4

With the energy-dependent flux, the shielded group
cross sections can be generated@i.e. Ts 5 *s~E!f~E! dE0
*f~E! dE# . The integral equation depends among oth-
ers on the escape probabilityPF , which is the probability
that a neutron originating in the fuel region~homo-
geneously and isotropically! will reach the surface of the
lump without any collisions in the fuel region. For sim-
ple geometries, including a sphere, analytical expres-
sions forPF given by Case, de Hoffmann, and Placzek5

have been built in in many codes.
For a single lump in an infinite moderator, the neu-

tron that escapes from the lump will obviously have its
next collision in the moderator. However, if the dis-
tance between lumps is not large compared to the mean
free path~mfp! of the moderator, the possibility exists
that a neutron escaping from a fuel lump hits another
fuel lump without a collision in the moderator in be-
tween. The distance between fuel kernels in an HTR
pebble is typically of the order of millimetres, while the
mfp of graphite at resonance energies is;2.5 cm, which
implies that the kernels influence each other. To ac-
count for this effect, one must replace or modify the
escape probabilityPF .

Teuchert6 and Teuchert and Breitbarth7 developed
an escape probabilityPF ~s! for double-heterogeneous
systems~coated particles in rods and spheres!. The
double-heterogeneousPF ~s! is calculated by a collec-
tion of analytical and numerical integrations, which were
implemented in the ZUT resonance-treatment code.8,9 Be-
cause the double-heterogeneous escape probabilityPF~s!
depends on the total cross section of the absorber, which
of course varies strongly with energy, it has to be recal-
culated continuously with varying energy.

A different approach that obviates the modification
of codes is to adopt Nordheim’s well-known effective or
Dancoff-corrected escape probability~in Ref. 3 or p. 434
of Ref. 2!, which is already incorporated in many codes,
and to account for the double-heterogeneity via the so-
called Dancoff~-Ginsburg! factor. The effective escape
probability reads as follows:

PF
, 5 PF{

12 C

12 C~12 St
F NlF PF !

, ~1!

where

St
F 5 energy-dependent total macroscopic cross sec-

tion of the fuel

NlF 5 mean chord length~4 3 volume0surface for
convex bodies5! of the fuel kernel

C 5 Dancoff factor.

In the case of an HTR,PF is the~single-heterogeneous!
probability to escape from a single fuel kernel. The Dan-
coff factor in Eq.~1! should account for fuel kernel shad-
owing in a double-heterogeneous sense. It depends only
on the geometry of the system and on the total macro-
scopic cross section of the moderator. Because the latter
hardly varies in the resonance range, the Dancoff factor
is usually calculated only once.

II. CALCULATION OF DANCOFF FACTORS

The Dancoff factor can be calculated by averaging
the Dancoff factors of individual fuel kernels. The Dan-
coff factor for an individual kernel is the probability that
a neutron escaping in a random direction from the kernel
enters another kernel, either in the same or in another
pebble, without a collision in the moderator in between.

Equation~1! takes care of the possibility that neu-
trons may traverse more than one fuel kernel before it
collides with a moderator nucleus. It is strictly correct
if the absorber lumps are randomly distributed,3,10 which
is the case for the coated particles in the graphite ma-
trix. Note that if Wigner’s rational approximation11 @i.e.,
PF 5 ~1 1 St

F NlF !21 # is inserted into Eq.~1!, one also
obtains for the Dancoff-corrected escape probability the
Wigner form, namely,PF

, 5 ~1 1 St
F NlF
' !21, but with a

corrected mean chord lengthNlF
' 5 NlF 0~12 C!. This cor-

rection can be seen as a reduction of the surface of the
lump by a factor~1 2 C! if the volume of the lump is
thought to be constant. This was originally introduced
by Dancoff and Ginsburg,12 although they formulated
the lump-lump interaction in another way.13

For simple lattice cells, the Dancoff factor is usually
internally calculated by the resonance-shielding code.
However, if the geometry is more complicated, it has to
be given as an input parameter. To calculate Dancoff fac-
tors in irregular geometries, researchers have developed
some codes. The DANCOFF-MC code,13,14based on the
Monte Carlo method, can calculate Dancoff factors in an
arbitrary arrangement of cylindrical pins or spherical fuel
elements. However, in case of the HTR pebble, it only
accounts for fuel kernel interactions within a single peb-
ble.15 The MCNP-4A Monte Carlo code16 offers the pos-
sibility of modeling all kinds of complex geometries in
which Dancoff factors can be calculated by using a spe-
cial option.17 However, as will be seen later, there are
some modeling restrictions; moreover, in the case of the
HTR, the MCNP calculation requires a great deal of com-
puting time.

In this paper, an analytical expression for the aver-
age fuel kernel Dancoff factor, which accounts for the
double heterogeneity, is presented. For various fuel peb-
ble specifications, the analytical Dancoff factors are com-
puted by a FORTRAN code and compared to those
obtained by MCNP calculations.
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III. TRANSLATION FROM PEBBLE GEOMETRY
TO EQUIVALENT UNIT CELLS

The pebble bed–type HTR consists of a helium-
cooled core that is filled with 3-cm-radius graphite spher-
ical fuel elements~pebbles!. In power reactors these
pebbles are stochastically stacked, which implies that they
occupy;62% of the core volume.18 The fuel pebbles in
the core are sometimes mixed with moderator pebbles,
which consist of graphite only. The startup core of the
modular19 HTR-M consists, for example, of 50% fuel peb-
bles and 50% moderator pebbles.

Figure 1 shows a cross section of a fuel pebble. In
each fuel pebble,20 tens of thousands of coated fuel par-
ticles are dispersed in the 2.5-cm-radius fuel zone. The
standard coated particle, which has been used for
.20 yr, is the one with the so-called TRISO coating
layer.21 Such a coated particle comprises an oxide fuel
kernel surrounded successively by a porous graphite
buffer layer, a pyrolytic carbon~PyC! layer, a silicon
carbon~SiC! layer, and again a pyrolytic carbon layer
with thicknesses of 95, 40, 35, and 40mm, respectively.

The porous buffer provides the free volume for fission
and reaction gases.

The PyC and SiC layers are capable of essentially com-
plete retention of gaseous fission products. Moreover, the
SiC layer acts as a barrier to prevent the escape of metallic
fission products, in particular, and provides mechanical
strength to TRISO coated particles. The coated fuel ker-
nel usually has a 250-mm radius, but for the purpose of plu-
tonium burning,22 kernels with radii varying from 100 to
110mm have been fabricated and tested.23 Both fuel ker-
nel types are considered in this paper.

For calculational purposes, the heterogeneity of the
fuel kernel surrounded by the coatings and graphite ma-
trix is translated into a grain cell. On this geometric level,
the resonance-shielding calculations take place, and hence,
a Dancoff factor for the fuel kernel has to be provided.
For the analytical calculation of this Dancoff factor, we
consider an equivalent spherical unit cell with white-
boundary conditions, which seems expedient for a random
distribution of coated particles. This grain cell consists
of an inner sphere with radiusr1, which corresponds to
the fuel kernel, and a spherical shell with outer radiusr2,
which contains the coating layers and the graphite ma-
trix, homogeneously mixed.

The stochastically stacked pile of fuel pebbles is also
modeled as a spherical two-region unit cell with white-
boundary conditions. This equivalent pebble cell con-
sists of an inner sphere, representing the fuel zone of the
pebble, with radiusR1 of 2.5 cm, and an outer spherical
shell with outer radiusR2. The outer shell contains a ho-
mogeneous mixture of the 0.5-cm pebble shell, the mod-
erator balls if present, and possibly the void between the
pebbles. The radiusR2 is determined by the volume oc-
cupied by the aforementioned materials. In the absence
of moderator balls, one obtainsR2 5 3 cm if the void
between the pebbles is neglected orR2 5 3.52 cm if the
void and pebble shell are merged. In the latter case, the
shell of the unit cell contains graphite with a lower den-
sity than that of the actual 0.5-cm pebble shell.

The preceding consideration shows that the hetero-
geneity of the fuel kernel in the graphite matrix, as well
as the heterogeneity of the spherical fuel zone of the peb-
ble with the surrounding amount of graphite~shell and
moderator pebbles!, is translated into equivalent spheri-
cal two-region white-boundary unit cells. Of course, these
two unit cells differ with respect to radii and macro-
scopic cross section of the outer spherical shell. Hereaf-
ter, the parameters corresponding to the grain cell are
written with lower-case letters, while those of the pebble
cell are written with upper-case letters.

IV. TRANSMISSION PROBABILITIES IN A
TWO-REGION WHITE-BOUNDARY UNIT CELL

The first-flight escape and transmission probabili-
ties for a spherical white-boundary unit cell have been

Fig. 1. The HTR fuel element containing;12 000 coated
particles. The coated particles are randomly dispersed in the
5-cm-diam fuel zone of the pebble. One of the coated particles
is magnified, which reveals that it is composed of a fuel kernel
surrounded by several coating layers.
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derived by Westfall.24 Figure 2 shows that the equivalent
spherical two-region grain cell is characterized by the ra-
dius of the inner spherer1 and by the outer radius of the
spherical shellr2. The surfaces of the inner and outer
zones are denoted byi ando, respectively. The total mac-
roscopic cross section of the outer spherical shell reads
St

m. For the pebble cell these parameters are replaced ac-
cording to~r1, r2,St

m, i,o! r ~R1,R2,St
M , I,O!. The sur-

faces are treated as white boundaries, which means that
uniformly distributed isotropic sources with correspond-
ing cosine currents are assumed at the interfaces. The
transmission probabilities that can be distinguished for
the mentioned geometry read as follows:

1. tio is the probability that a neutron that leaves the
inner boundary isotropically reaches the outer boundary
without collisions.

2. toi is the probability that a neutron that leaves the
outer boundary isotropically reaches the inner boundary
without collisions.

3. too is the probability that a neutron that leaves the
outer boundary isotropically reaches again the outer
boundary without collisions and without passing through
the inner region.

4. tii is the probability that a neutron that leaves the
inner boundary isotropically reaches again the inner
boundary without collisions and without passing through
the outer region.

For the white-boundary condition mentioned earlier,
tio is given by

tio 5

EdsE
[n{ ZV.0

dV [n{ ZV exp@2St
ml ~ ?r, ZV!#

EdsE
[n{ ZV.0

dV [n{ ZV
, ~2!

where

l 5 length of a vector with directionZV leading from
the surface point ?r on surfacei through the
outer spherical shell to surfaceo

St
m 5 total macroscopic cross section of the outer

spherical shell

[n 5 normal vector on surfacei in the point ?r.

The integrals extend inZV over all angles[n{ ZV . 0 and in
?r over surfacei. Because of the spherical symmetry, the

double integral of Eq.~2! can be reduced25 to

tio 5

E
0

r1

dy2py exp@2St
mu#

E
0

r1

dy2py

5
1

pr1
2 E

0

r1

dy2py exp@2St
mu# , ~3!

where only the integration over variabley has to be car-
ried out. The variablesy andu5%r2

22 y2 2%r1
22 y2 are

shown in Fig. 2. In this new representation, the problem is
reduced to one in which only neutron paths parallel to the
x axis have to be considered.

To avoid cumbersome integrals in the remainder of
this paper, we introduce

tra, rb

rc, rd [

E
rc

rd

dy2py +

E
ra

rb

dy2py{1

5
1

rb
2 2 ra

2 E
rc

rd

dy2y + , ~4!

which is an integral operator that has to act on a partic-
ular operand. The latter is usually the probability that a
neutron moves a distance without any interaction and is
usually of the form exp@2Sl ~ y!# , whereS is a macro-
scopic cross section andl a certain distance, that is, a
function of parametery. With this tool the transmission
probabilities through the spherical shell, including their
final form given by Westfall, read as follows:

Fig. 2. A spherical two-region unit cell~grain cell! with
white-boundary conditions. The inner and outer boundaries are
denoted byi ando, respectively. The upper half-plane shows
the parameters that are used in the various integrals. In the lower
half-plane, the first-flight escape probabilityPF and various
transmission probabilities are depicted. By replacing the lower-
case parameters by their upper-case counterparts, the figure be-
comes applicable to the pebble cell.
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tio 5 t0,r1

0,r1 + exp@2St
mu#

5
1

2~r1St
m!2 F~a 1 1!e2a 2 ~b 1 1!e2b

1
a4

b2 E3~b! 2 a2E3~a!G , ~5!

toi 5 t0,r2

0,r1 + exp@2St
mu# 5 S r1

r2
D2

tio , ~6!

and

too 5 t0,r2

r1, r2 + exp@2St
m%r2

2 2 y2 #

5
1

2~r2St
m!2 @12 ~11 2a!exp~22a!# , ~7!

in which E3 is the exponential-integral function of the
third order26 and

a 5 St
m%r2

2 2 r1
2 and b 5 St

m~r2 2 r1! . ~8!

The first-flight escape probability for a sphere with
radius r1 has been given by Case, de Hoffmann, and
Placzek5 and reads as follows:

PF 5 Pr1
+ exp@2sSt

F#

5
3

4l
F12

1

2l2 $12 ~11 2l!e22l %G , ~9!

whereSt
F is the total macroscopic cross section of the

inner regionl 5 St
F r1 and wherePr1

is an integral oper-
ator, defined as

Pr1
[

E
0

r1

dy2pyE
0

2! r1
22y2

ds+

E
0

r1

dy2pyE
0

2! r1
22y2

ds{1

. ~10!

Here, the integration over the entire volume of the inner
sphere in Fig. 2 is accounted for by the double integral
over the variablesy ands. For any convex lump the trans-
mission probability through the lump3 can be expressed
as

tii 5 12 NlF St
F PF , ~11!

where NlF is the mean chord length of the lump, which
equals4

3
_r1 for a sphere.

V. DANCOFF FACTOR FOR A RANDOM
DISTRIBUTION OF FUEL KERNELS

IN AN INFINITE MEDIUM

The Dancoff factor accounts for the probability that
a neutron that leaves an absorber lump passes through

the moderator without collisions and enters another ab-
sorber lump. In an infinite medium in which fuel kernels
are randomly distributed in the moderator, the Dancoff
factor is given by the summation of the probabilities for
neutrons to enter a particular fuel kernel positioned at a
particular distance, before making a collision.

In the invariant embedding theory,25 the distance cov-
ered by a neutron from absorber lump to absorber lump
corresponds to that in a unit cell, allowing for a number
of reflections at its white boundary. The probability that
a neutron will leave the surface of the fuel kernel isotro-
pically, pass through the moderator without collisions,
and reach the white boundaryo of the unit cell is equal to
tio . The probability that it will moven times from the
outer white boundary to the same boundary without col-
lisions and without passing through a kernel is~too!n. The
probability that, after the last isotropic reflection at the
white boundaryo, the neutron will reenter a fuel kernel
without collisions in the moderator readstoi . The Dan-
coff factor of the infinite medium is equal to the proba-
bility that a neutron leaving the fuel kernel will reach
another fuel kernel without collisions with moderator nu-
clei after an arbitrary number of reflections at the white
boundaryo and hence reads25 as follows:

C`
fk 5 (

n50

`

tio too
n toi 5

tio toi

12 too

. ~12!

Equations~5!, ~6!, and ~7! show thatC`
fk can be ex-

pressed as a function of two parameters, e.g.,St
mr1 and

r20r1. The transmission probabilities of Eqs.~5!, ~6!,
and~7! are also programmed in SCALE~Sec. F.2.3.7 of
Ref. 27!. However, these are used to calculate the first-
flight escape probability of annular spherical pellets and
are unfortunately not used to calculate the Dancoff
factor. Instead, SCALE uses routines taken from the
SUPERDAN program,28 which uses a double-numerical
integration to analytically determine Dancoff factors. It
accounts for the overshadowing of lumps up to and in-
cluding the third nearest neighbors in a lattice. Because
the algorithms were observed to be inadequate in some
applications, in SCALE a correction factor has been
added to the Dancoff factor to treat the interaction of all
subsequent neighbors~Sec. M.7.2.5.3 of Ref. 27!. How-
ever, for the purpose of tiny fuel kernels dispersed in
graphite with a large number of equivalent unit cells
per mfp, this approximation gives questionable values.15,17

Janssen25 derived from the exact expression of
Eq. ~12! a rational approximation forC`

fk, which reads

C`
fk 5

1

11 St
m NlM

, ~13!

where NlM is a sort of a mean chord length of the moder-
ator region, defined as

NlM 5
4VM

SF

5
4{3

42p~r2
3 2 r1

3!

4pr1
2 . ~14!
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In the limits of r20r1 r 1 andr20r1 r `, the rational
approximation equals the exact expression of Eq.~12!. A
rather simple analytic method described by Lane, Nord-
heim, and Sampson10 yields for the Dancoff factor of the
infinite medium with a random kernel distribution the
same expression as that of Eq.~13!, except thatNlM is now
given by

NlM 5
4~VM 1 VF !

SF

5
4{3

42pr2
3

4pr1
2 . ~15!

Their method is justified in the case of high dilution of
the fuel kernels; that is, the volume fraction of the fuel
should be small. This means thatVF ,, VM , and hence,
NlM of Eq. ~15! tends to that of Eq.~14!. Figure 3 shows
the Dancoff factor as a functionr20r1, with St

mr1 as a
parameter calculated on the one hand by the exact ex-
pression of Janssen@Eq. ~12!# and on the other by
Eq.~13! with for NlM the expressions of Janssen@Eq.~14!#
and Lane, Nordheim, and Sampson@Eq. ~15!# .

VI. TRANSMISSION PROBABILITIES IN A
DOUBLE-HETEROGENEOUS SYSTEM

The resonance self-shielding calculations are per-
formed at the level of the grain cell. In this calculation a
Dancoff factor is needed that accounts for the effect of
neighboring fuel kernels as well as for fuel kernels in
other pebbles. This Dancoff factor can therefore be cal-
culated as the sum of two probabilities. The first is the
probability that a neutron leaving a fuel kernel will enter

another kernel without any collision in the moderator
within the same pebble, which will be designated the intra-
pebble Dancoff factorCintra . The other is the probability
that a neutron leaving a particular kernel will enter a fuel
kernel in another pebble without collisions in the mod-
erator, which will be designated as the interpebble Dan-
coff factorCinter. The latter is usually much smaller than
the first one, which is basically due to the neutron’s in-
creased probability to collide with a nucleus of the graph-
ite in the pebble shell~and in some cases the moderator
pebbles!, which it has to pass through.

Figure 4 shows a schematic overview of the double-
heterogeneous medium with three trajectories—in which
a neutron that leaves a fuel kernel finally ends up in an-
other kernel—that are typical for all possible histories.
The arrowTii ' in Fig. 4 corresponds to the transmission
probability of a neutron leaving a fuel kernel~with white
boundaryi! and entering the white boundary~i ' ! of an-
other fuel kernel in the same pebble, which hence con-
tributes to the intrapebble Dancoff factor. The intrapebble
Dancoff factor accounts for the set of paths between all
possible pairs of kernels within the same pebble, which
can be calculated by a double summation ofTii ' over i
and i ' .

The other two histories contribute to the interpebble
Dancoff factor. The four arrows denoted byTiI , TIO , TOI ,
andTIi in Fig. 4 correspond to the history in which a neu-
tron leaves the white boundaryi of a fuel kernel, reaches

Fig. 3. The Dancoff factor for a spherical two-region unit
cell as a function ofr20r1 with St

m r1 as a parameter, calculated
by three methods. The solid, dotted, and dashed lines are cal-
culated with Eq.~12!, Eqs.~13! and ~14!, and Eqs.~13! and
~15!, respectively.

Fig. 4. Schematic overview of the double-heterogeneous
spherical system. The first heterogeneity is that of the fuel ker-
nels, which are surrounded by the graphite matrix. The second
one is the fuel zone of the pebble that is surrounded by a graph-
ite shell. Three exemplifying neutron trajectories are shown.
The one denotedTii ' contributes to the intrapebble Dancoff fac-
tor, while the other two contribute to the interpebble Dancoff
factor.
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the white boundaryI at which it is isotropically trans-
mitted, reaches the white boundaryO at which it is iso-
tropically reflected, reaches again the white boundaryI
of another pebble at which it is isotropically transmitted
in the direction of the pebble’s fuel zone, and hits a fuel
kernel with white boundaryi, successively. This means
that the neutron finally enters a fuel kernel of a neigh-
boring pebble without any collision with a graphite nu-
cleus.

The concatenation of arrows denoted byTiI -TIO-TOO-
TOI-TII -TIO-TOI-TIi corresponds to a history in which a neu-
tron escapes from the first pebble~TiI -TIO!, passes through
the shell~TOO! of a second one, passes successively
through the shell, fuel zone, and again shell~TOI-TII -TIO!
of a third pebble without collisions and without crossing
any kernel, and finally enters the fourth pebble at which
it eventually impinges on a fuel kernel~TOI-TIi !.

These two histories form only a subset of the infinite
number of histories that contribute to the interpebble Dan-
coff factor. An arbitrary history contributing toCinter is
minimally built up by the product of four factors: the prob-
ability of escaping from the fuel zone of the initial peb-
ble~TiI !, the probability of escaping from the pebble shell
~TIO!, the probability of reaching the surface of the fuel
zone of the final pebble~TOI !, and the probability of en-
tering a fuel kernel in this fuel region~TIi !.

This basic history is extended if between the depar-
ture from the initial pebble and the arrival at the final
pebble, the neutron crossesi times the shells of inter-
mediate pebbles~TOO! i and, moreover, passesj times
through complete pebbles~TOITII TIO! j . The interpebble
Dancoff factor accounts for all possible combinations and
hence reads

Cinter 5 TiI TIO @11 TOO 1 TOO
2 1 . . .#

3 $11 ~TOITII TIO! 1 ~TOITII TIO!2 1 . . .%TOI TIi ,

~16!

in which the series between the square brackets and the
braces corresponds to transmissions through shells of peb-
bles and through complete pebbles, respectively. By pro-
gression of the series and rearrangement of the terms,
one can write Eq.~16! as

Cinter 5
TIOTOI

12 TOO

TiI TIi

12 TOITII TIO

, ~17!

where the first fraction can be identified through
Eq.~12! as the infinite-medium Dancoff factor of the peb-
ble fuel zone, which leads to the introduction of

C`FZ 5
TIOTOI

12 TOO

. ~18!

The ~upper-case! transmission probabilities are equal to
those of Eqs.~5!, ~6!, and~7! except that the parameters
~St

m, r1, r2! have to be replaced by~St
M ,R1,R2!, which

are the total macroscopic cross section of the outer spher-
ical shell, and the inner radius and the outer radius of the
equivalent pebble cell, respectively.

The total Dancoff factor for the fuel kernel in the
double-heterogeneous system now becomes

C fk 5 Cintra 1 C`FZ
TiI TIi

12 TII TIOTOI

. ~19!

Note that Eq.~19! not only is valid for an HTR pebble
but also is applicable to other double-heterogeneous sys-
tems, such as the so-called sphere-pac light water reactor
fuel rod. The transmission probabilities in Eq.~19! de-
pend of course on the geometry under consideration.

VII. CALCULATION OF THE DANCOFF FACTOR

As mentioned previously, the Dancoff factor is equal
to the sum of the inter- and intrapebble Dancoff factors.
These will be evaluated successively.

VII.A. The Intrapebble Dancoff Factor

To calculate the intrapebble Dancoff factor, one as-
sumes that each kernel emits as many neutrons as the
others and because the kernels are distributed randomly,
the fuel region of the pebble can be considered as con-
taining a uniform source distribution. To account for this
uniform source distribution, one must carry out an inte-
gration over the volume of the pebble fuel region. The
integrand is then equal to the probability that a neutron,
departing from coordinates~s, y! and subsequently mov-
ing parallel to the horizontal axis in Fig. 2, will enter a
fuel kernel before it reaches surfaceI of the fuel region.
Distances, which the neutron can travel before it reaches
the surface of the fuel region, assuming that the neutron
moves in the negativex direction in Fig. 2, corresponds
to a certain number of unit cells that will be passed
through. The average number of grain cells that is tra-
versed between the departure and arrival cells is given
by distances' divided by the mean chord length of a sin-
gle grain cell. Here,s'5 s2 Nlgc, which is the actual dis-
tancescorrected for the average distance that the neutron
travels in the departure and arrival cells together~ Nlgc!.

If the number of unit cells that is crossed, without
colliding with a moderator nucleus and without crossing
a fuel kernel, is equal ton 2 1 given by s'0 Nl gc, one
can see thatn 5 s0 Nlgc. Considering a neutron trace in
which maximallyn 2 1 grain cells are traversed, the
corresponding probability of leaving a kernel and enter-
ing another kernel within the distance ofs readstio~1 1
too 1 . . . 1 too

n21!toi . This series can be written as
@tio toi 0~12 too!# ~12 too

n !.
Analogously to the calculation of the first-f light es-

cape probability according to Eq.~9!, the intrapebble Dan-
coff factor now becomes

DANCOFF FACTOR FOR PEBBLE BED HTR 153

NUCLEAR SCIENCE AND ENGINEERING VOL. 133 OCT. 1999



Cintra 5 PR1
+ F tio toi

12 too

~12 too
n !G

5
tio toi

12 too

@12 PR1
+ too

n # , ~20!

wherePR1
is defined in Eq.~10!. The fraction in front of

the term between the square brackets at the right side of
Eq. ~20! is equal to the infinite-medium Dancoff factor
for a fuel kernel~i.e., C`

fk!.
If we replace the integernby the equivalent real num-

ber s0 Nlgc, the integral part of Eq.~20! can be written as

PR1
+ too

n 5 PR1
+ expF2S2ln too

Nlgc
DsG . ~21!

Comparing this to Eq.~9! leads to the introduction of the
pseudo cross section

S, [ S2ln too

Nlgc
D . ~22!

This pseudo cross section can physically be interpreted
as the probability per unit path length traveled that a neu-
tron will either collide with a moderator nucleus or will
enter a fuel kernel. Note that in the absence of moderator
material between the kernels, the pseudo cross section is
not zero; rather, it reads as follows:

S, r 2
1

3
42r2

lnF12 S r1

r2
D2G , ~23!

where the~St
m r 0! limit of Eq. ~7! has been used.

If the kernels occupy only a small volume of the fuel
zone, which implies thatr10r2 ,, 1, one obtainsS, 5
pr1

2 0~ 4
3
_pr2

3!. This pseudo macroscopic cross section
is now equal to the kernel density 10~ 4

3
_pr2

3! times the
microscopic cross sectionpr1

2 of a kernel. The recipro-
cal of this S, is in agreement with Lane, Nordheim,
and Sampson’s expression10 for the mfp between ker-
nels if the moderator were not present.

Another interesting case is the limit of very small
kernels, but now with the moderator material between
them. In the limit ofr10r2 r 0, the expected result of
S, r St

m is found. Combining Eqs.~20!, ~21!, and~22!
gives analogously to Eq.~9! the following:

Cintra 5 C`
fk@12 PF ~S,R1!# . ~24!

Equation~24! shows that the intrapebble Dancoff factor is
equal to the Dancoff factor for the~single-heterogeneous!
infinite mediumC`

fk corrected for the probability that the
neutron leaves the fuel zone of the pebble. This probabil-
ity is similar to the first-flight escape probabilityPF of a
sphere. However, its argument is now the pseudo cross sec-

tion S, times the radius of the fuel zoneR1, which can be
written as

S,R1 5 ~2ln too!
R1

Nlgc

5
3

4
~2ln too!Ngr

103 , ~25!

where we have used the fact that the mean chord length
of the grain cell is equal to43

_r2 and that the volume of the
fuel zone 4

3
_pR1

3 divided by the volume of a grain cell
4
3
_pr2

3 is equal to the number of grains in the fuel zone
Ngr . Note that in the limit ofR1 r `, while S, remains
constant, the intrapebble Dancoff factor becomes equal
to the infinite-medium Dancoff factorC`

fk.

VII.B. The Interpebble Dancoff Factor

According to Eq.~19! the interpebble Dancoff factor
is equal to the product of two terms. The first term is the
infinite-medium Dancoff factor for the fuel zone of a peb-
ble. The second term depends on the transmission proba-
bilitiesTIO , TOI , TiI , TIi , andTII , where the first two can be
calculated by Eqs.~5! through~8!. The last one is the trans-
mission probability that a neutron leaving isotropically the
surfaceI of the fuel region will reach this surface again
without colliding with a moderator nucleus and without
passing through a kernel. It can be calculated by integrat-
ing the probabilitytoo

n along chords from one point on sur-
faceI to another point on surfaceI, where the directions
of the chords are again isotropically distributed. Here,too

is the probability that a neutron traverses a grain cell with-
out collisions with a moderator nucleus and without cross-
ing a fuel kernel, andn is the number of grain cells the
neutron has to traverse from one point on surfaceI to the
other point on surfaceI.The latter is again given by the dis-
tance the neutron has to move divided by the mean chord
length of a grain cell.

Figure 2 shows that the length of the straight line
along which the neutron moves from inner surface to in-
ner surface, parallel to the horizontal axis, is equal to
2%R1

2 2 y2. Therefore, the probabilitytoo
n can be written

as exp~2S,2%R1
2 2 y2 !, where S, is again given by

Eq.~22!. Integration of this probability overy, implicitly
corresponding to a cosine current distribution at the in-
terfaceI, gives, according to Eq.~4!, the following:

TII 5 t0,R1

0,R1 + exp~2S,2%R1
2 2 y2 !

5 12 ~ 4
3
_S,R1!PF ~S,R1! , ~26!

which is analogous to Eq.~11!.
The term that remains to be calculated for the inter-

pebble Dancoff factor is the productTiI TIi . This is the
probability that a neutron leaving a fuel kernel isotropi-
cally reaches surfaceI of the pebble fuel zone, times the
probability that a neutron isotropically leaving surfaceI
~of another pebble! enters a fuel kernel somewhere in the
fuel zone—both probabilities of course without moder-
ator collisions and without passing through intermediate
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kernels. The productTiI TIi can now, analogously to the
expression of the intrapebble Dancoff factor of Eq.~24!,
be determined as the infinite-medium Dancoff factor for
the fuel kernel multiplied by the probability to escape
from the fuel zonePF times the nontransmission proba-
bility of the fuel zone~1 2 TII ! of the next pebble. This
means that we have

TiI TIi 5 C`
fkPF ~S,R1!@12 TII # . ~27!

If this term is inserted into the expression for the inter-
pebble Dancoff factor, given by Eq.~19!, one obtains

Cinter 5 C`
fkC`FZ

PF ~S,R1!@12 TII #

12 TII TIOTOI

. ~28!

VII.C. Final Expression for the Dancoff Factor

The sum of the intrapebble@Eq. ~24!# and the inter-
pebble@Eq. ~28!# Dancoff factor yields the total Dancoff
factor, which becomes

C fk 5 C`
fkF12 PF ~S,R1! 1 C`

FZ
PF ~S,R1! @12 TII #

12 TII TIOTOI
G ,

~29!

where we recall@see Eq.~26!# that

TII 5 12 ~3
42S,R1!PF ~S,R1! , ~30!

in which PF is the first-flight escape probability from a
sphere, given by Eq.~9!, and its argumentS,R1 is given
by Eq.~25!. Equation~29! shows that the Dancoff factor
is equal to that of an infinite medium times the correc-
tion factor between the square brackets.

The infinite-medium Dancoff factor for the fuel ker-
nelC`

fk is given by Eq.~12!, where the transmission prob-
abilitiestio , toi , andtoo@Eqs.~5!, ~6!, and~7!# are functions
of ~St

m, r1, r2!, which are the total macroscopic cross sec-
tion of the spherical shell of the grain cell, and the inner
and the outer radii of the grain cell. The infinite-medium
Dancoff factor for the fuel zone is obtained in a similar
way, but now the upper-case transmission probabilities
TIO ,TOI ,TOO are functions of~St

M ,R1,R2!, whereSt
M is

the total macroscopic cross section of the spherical shell
of the pebble cell,R1 is the 2.5-cm radius of the fuel zone,
andR2 is the outer radius of the pebble cell. Equation~29!
shows that ifTIO 5 TOI 51, TOO5 0, and henceC`FZ 51,
which implies that a neutron that leaves the fuel zone al-
ways reaches a neighboring fuel zone, the Dancoff factor
is equal to that of the infinite medium, i.e.,C fk 5 C`

fk.
Furthermore, if the Dancoff factor for the fuel zoneC`FZ is
zero, which means that a neutron cannot reach another fuel
zone without collisions, the total Dancoff factor is equal
to the intrapebble Dancoff factor@see Eq.~24!# .

VIII. COMPARISON WITH MONTE CARLO RESULTS

The results obtained from the analytical formulas
have been verified by Monte Carlo calculations per-
formed with the MCNP-4A code.16 The Dancoff factor
has been calculated as the number of neutrons entering
a fuel kernel divided by the number of neutrons started
from a fuel kernel boundary~uniformly and isotropi-
cally in the outward direction!. The neutrons are fol-
lowed until they enter a fuel kernel or they collide with
a moderator nucleus.17 The Dancoff factor depends~be-
sides on the geometry and the density of the moderator!
on the total microscopic cross section of the moderator,
which varies only with,1% from 0.2 eV to 10 keV. In
the MCNP calculations the source neutrons have an en-
ergy of 100 eV, which corresponds to a total micro-
scopic cross section of 4.7388 b. This yields for the
graphite matrix material a macroscopic cross section of
0.4097 cm21, which implies that the radius of the peb-
ble fuel zone is about equal to the mfp in the moderator.

In Secs. VIII.A through VIII.F the results of the an-
alytical model are compared to those of the MCNP cal-
culations, and the assumptions made in both methods are
discussed. This is done for the infinite-medium Dancoff
factor of the pebble fuel zoneC`FZ and that of the fuel
kernel C`

fk. Thereafter, the intrapebble Dancoff factor
Cintra as a function of the fuel zone radius is studied, and
the Dancoff factorC fk as a function of the outer radius
of the pebble cellR2 is investigated. Finally, the results
of the total fuel kernel Dancoff factorC fk as a function
of the number of grains in the fuel zone are given for fuel
kernels with radii of 100, 110, and 250mm.

VIII.A. The Infinite-Medium Dancoff Factor
for the Fuel Zone

In the analytical model the interpebble Dancoff fac-
tor is proportional to the infinite-medium Dancoff factor
of the pebble fuel zoneC`FZ. The latter accounts for the
probability that a neutron leaving the fuel zone surface
isotropically in the outward direction reaches the fuel zone
of another pebble without collisions.

Let a sphericalthree-region white-boundary pebble
cell be the reference model for the stochastically stacked
infinite pile of fuel pebbles. This pebble cell comprises
the fuel zone~R , 2.5 cm!, the pebble shell~2.5, R ,
3 cm!, and the void belonging to the pebble~3 , R ,
3.52 cm! and gives after 16 million neutron histories a
Dancoff factor of 0.44356 0.0002. A two-region cell, of
which the spherical shell~2.5, R, 3.52 cm! contains a
homogenized mixture of the void and the graphite of the
pebble shell, yields~0.45337 analytically, 0.453260.0002
MCNP!, which is a deviation from the reference case of
12%. A two-region cell, of which the spherical shell is
equal to the actual pebble shell~2.5 , R , 3 cm! and
where the void region is simply ignored, yields~0.44352
analytically, 0.44356 0.0002 MCNP!, which is within
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the error margin~i.e., 0.05%! of the reference case. This
means that in the case of the absence of moderator peb-
bles, the two-region Dancoff factor with neglect of the
void region gives the best result compared to that of the
reference case. This is of course only justified if the total
macroscopic cross section of the void region is negligi-
bly small, which is true if there is helium gas, even under
high pressure, between the pebbles.

VIII.B. Homogenization of Coatings
and Graphite Matrix

The number of coated particles per pebbleNgr has
been varied from 5000 to 60 000~step 5000! per pebble
in the MCNP calculations. The outer radius of an equiv-
alent spherical white-boundary grain cellr2 is given by
r2 5 R10Ngr

103, where we recall thatR1 is the 2.5-cm ra-
dius of the fuel zone. In the analytic model the coating
layers surrounding each fuel kernel have been homog-
enized with the graphite matrix between the kernels. To
estimate the error made by homogenizing the coating ma-
terials with the graphite, the Dancoff factor has been cal-
culated for a two-region spherical grain cell and for a
multiregion grain cell in which the coating layers are mod-
eled explicitly. This has been done for grain cells~kernel
radius of 250mm! for which Ngr 5 5000 and 60 000 and
shows an underestimation for the two-region case of 0.3%
and 0.01%, respectively.

VIII.C. The Infinite-Medium Dancoff Factor
for a Fuel Kernel

The infinite-medium Dancoff factor for a fuel kernel
has been calculated both analytically and with MCNP for
grain densities corresponding toNgr grains per fuel zone
with the nominal volume of43

_p~2.5!3 cm3. The analyti-
cal calculation embraces the evaluation of the expres-
sions of Janssen and its rational approximation, as well
as that of Lane. The MCNP calculations are performed
for two geometries.

The first geometry is a cubic unit cell containing one
fuel kernel only, with specular reflecting boundary con-
ditions. This geometry is equivalent to an infinite rect-
angular lattice of cubic unit cells.

The second one is the infinite medium in which coated
particles are randomly dispersed. The infinite medium
was artificially created by a graphite sphere with isotro-
pic reflecting boundary conditions in which 980 coated
particles were randomly positioned.~This was due to lim-
itations, namely, no more than 1000 cells, of the algo-
rithm used in MCNP.! The radius of the sphere was chosen
in such a way that the coated particle density was equal
to the density ofNgr grains per fuel zone volume. To com-
pare the MCNP results to those of the analytic models
~no coating layers!, we simply replaced the coating lay-
ers in the MCNP models by the graphite matrix. An
MCNP calculation on a spherical two-region unit cell with

isotropic reflecting boundary conditions has been dis-
carded because this yields exactly the same results as the
analytical expression of Janssen@Eq.~12!# . This has been
verified for a number ofNgr values.

The results of the foregoing calculations are pre-
sented in Fig. 5. One can see that the Dancoff factors of
the specular reflecting unit cell are in all cases lower than
those of the random distribution of the coated particles.
The relative difference is the largest for a small equiva-
lent number of grainsNgr , i.e., low grain density, and for
a small fuel kernel. The cubic unit cell with specular re-
flecting boundaries is equivalent to an infinite rectangu-
lar lattice of cubic unit cells, which means that channel
effects will occur. In such a system the neutrons can stream
in coated particle–free volumes, which results in an under-
estimation of the Dancoff factor. In the case ofNgr 5
5000, the maximal relative differences of 7 and 18% for
the 250- and 100-mm kernels, respectively, were found.
Note, however, that in these cases the Dancoff factor it-
self is relatively low, which means that the error in the
effective first-flight escape probabilityPF

, due to the er-
ror in the Dancoff factor is relatively low.

The relative differences between the results of the
random-distribution MCNP calculations and Janssen’s ex-
act expression of the Dancoff factor are maximal for
Ngr 5 5000 and amounts of 4 and 5% for the 250- and
100-mm kernels, respectively. The Dancoff factor values

Fig. 5. The infinite-medium Dancoff factorC`
fk for the

fuel kernel as a function of the equivalent number of grains, based
on five methods. The equivalent number of grains~i.e.,Ngr ! on
the horizontal axis corresponds to a grain density in the infinite
medium that is equivalent to a density ofNgr 0@

4
3
_p~2.5!3 # cm23,

i.e.,Ngr grains per nominal fuel zone of a pebble. The symbols
~black circles and vertical lines! correspond to MCNP calcula-
tions, whereas the curves~solid, short-dashed, and long-dashed
lines! correspond to analytical calculations. The solid, short-
dashed, and long-dashed lines are calculated with Eq.~12!,
Eqs.~13! and~14!, and Eqs.~13!, ~14!, and~15!, respectively.
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of Lane et al. lie within the error margins of the random-
distribution MCNP values, except forNgr . 20 000 in
the case of the 250-mm kernel. This can be understood
because the theory on which Lane’s formula is based as-
sumes a high dilution of the fuel kernels; i.e., the kernels
occupy only a small part of the volume. Surprisingly, the
rational approximation of Janssen’s Dancoff factor fits
better than Janssen’s analytical expression and lies al-
ways within the error margins of the random-distribution
MCNP results. This cannot be explained by physics con-
siderations but rests mainly on lucky coincidence.

VIII.D. The Intrapebble Dancoff Factor
as a Function of the Fuel Zone Radius

To verify the analytic expression of the intrapebble
Dancoff factor@Eq.~24!# , we have performed MCNP cal-
culations on a single pebble with a varying fuel zone ra-
dius R1. The single pebble was modeled by placing an
infinite rectangular lattice of cubic unit cells in a sphere
with radiusR1, as is shown in Fig. 6. A random distribu-
tion of coated particles was unfortunately not possible
for this geometry because of limitations of the MCNP
code. For the calculation of the intrapebble Dancoff fac-
tor, the spherical boundaries of the pebble-cell in Fig. 6
were transparent instead of reflecting. The Dancoff fac-
tor has been calculated through volume-averaging the

Dancoff factors of individual coated particles at differ-
ent radial positions, which is described in Sec. VIII.F.

Figure 7 shows the averaged intrapebble Dancoff
factors, normalized to the infinite-medium fuel kernel
Dancoff factor,~Cintra 0C`

fk! , as a function of the fuel
zone radius, normalized to the nominal 2.5-cm radius
@R10~R1!nom# . This has been done for kernels with ra-
dii of 100 and 250mm, at a constant coated particle
density. This coated particle density corresponds to a
loading of 30 000 coated particles in the standard~R1 5
2.5 cm! fuel zone volume. The dots are the volume-
averaged intrapebble Dancoff factors calculated by
MCNP. The curves represent the analytical expression
of the intrapebble Dancoff factor given by Eq.~24!, which
can be rewritten asCintra 0C`

fk 5 1 2 PF ~S,R1!. This
shows that for largeR1 values, the curves tend to unity,
which implies that the intrapebble Dancoff factor be-
comes equal to the infinite-medium Dancoff factor. For
the 100-mm kernel, the MCNP dots are lower than the
analytical curve because of the previously mentioned
channel effects in the rectangular lattice.

VIII.E. The Dancoff Factor as a Function
of the Pebble Shell Thickness

To study the interaction between the fuel zones of dif-
ferent pebbles, we varied the outer radius of the pebble shell
R2, while keeping the fuel zone radius constant,R1 5
2.5 cm. The fuel zone of a pebble contains 30 000 coated

4
2

0
−2

−4−4 420−2

Fig. 6. Cross section through the midplane of the double-
heterogeneous MCNP model of the pebble. It is composed of
the fuel zone, containing a rectangular lattice of cubic unit cells,
the 0.5-cm graphite shell, and the outer void shell. The outer
spherical boundary is isotropically reflecting. The units on the
axes are centimetres.

Fig. 7. The intrapebble Dancoff factor normalized to the
infinite-medium Dancoff factor,Cintra 0C`

fk, as a function of
the fuel zone radius, normalized to the nominal one of 2.5 cm,
for two fuel kernel radii. The coated particle density is kept
constant~namely, 30 000 coated particles per nominal fuel zone
volume!. For large fuel zone radii, the intrapebble Dancoff fac-
tor tends to the infinite-medium Dancoff factor.
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particles.Figure8shows thevolume-averagedDancoff fac-
tor, normalized to the infinite-medium Dancoff factor
C fk0C`

fk as a function ofR20R1. The latter is the outer ra-
dius of the pebble shellR2 divided by the fuel zone radius
R1. For the standard pebble,R2 5 3 cm, and hence,
R20R1 5 1.2. At this value theC fk0C`

fk reads;0.87 and
0.77 for the 250- and 100-mm kernels, respectively. For
highR20R1values, the probability that a neutron that leaves
the fuel zone of a pebble reaches the fuel zone of another
pebble without collisions becomes negligible. This im-
plies that the fuel zone Dancoff factor@C`FZ in Eq. ~29!#
becomes zero. In that case, the interpebble Dancoff factor
becomes zero, and hence, the total Dancoff factor becomes
equal to the intrapebble Dancoff factor.

Note that the Dancoff factors forR20R1 r ` in
Fig. 8 correspond to those atR10~R1!nom5 1 in Fig. 7.
The Cintra 0C`

fk values for the standard pebble read 0.78
and 0.56 for fuel kernels with radii of 250 and 100mm,
respectively. From this, one may infer that for the stan-
dard pebbles, the contributions of the intrapebble Dan-
coff factor to the total fuel kernel Dancoff factor read
0.78
0.87
_{100%5 90% and0.56

0.77
_{100%5 73% for 250- and

100-mm kernels, respectively. Hence, the contributions
of the interpebble Dancoff factor are 10 and 26%,
respectively.

VIII.F. The Fuel Kernel Dancoff Factor
for a Standard Pebble

Figures 9 and 10 show the total~intra- 1 interpeb-
ble! Dancoff factor of individual kernels as a function of
their radial position. Each open symbol in Figs. 9 and 10
corresponds to the Dancoff factor of a single fuel kernel
and is obtained after one million neutron histories in
MCNP. The fuel zone is divided by the vertical dashed
lines in ten regions with equal volumes. Note that about
one-half of the number of coated particles is positioned
in the outer spherical~2 , R , 2.5 cm! shell of the fuel
zone.

Figure 6 shows that some of the fuel kernels are cut
by the spherical~R1 5 2.5 cm! surface. For these kernels
no Dancoff factor could be calculated. Nevertheless, to
obtain data in the vicinity of the boundary, for each set a
point was added through extrapolation of the outer five
MCNP points. The extrapolated data are represented by
the filled symbols in Figs. 9 and 10. The Dancoff factor
is calculated by volume-averaging the Dancoff factors
of the individual kernels.

The volume-averaged Dancoff factor as a function
of the number of grains in the fuel zone, with the kernel
radius as a parameter, is shown in Fig. 11. The curves
are obtained analytically through the evaluation of

Fig. 8. The Dancoff factor, normalized to the infinite-
medium Dancoff factor,C fk0C`

fk, as a function ofR20R1, for
two fuel kernel radii. Here,R20R1 is the outer radius of the
pebble shell, normalized to the nominal 2.5-cm fuel zone ra-
dius R1. The fuel zone radiusR1 has been kept constant. The
R20R1 5 1.2 case corresponds to a standard pebble, without
moderator pebbles. IfR20R1 5 1, i.e., zero pebble shell thick-
ness, the Dancoff factor becomes equal to the infinite-medium
Dancoff factor. In this case, the fuel zones of the pebbles are
not separated by graphite from each other and notionally form
an infinite medium. For very thick pebble shells~R20R1 r
`!, the Dancoff factor tends to the intrapebble Dancoff factor.
In this case, a fuel zone is isolated from the other ones, and the
interpebble Dancoff factor is therefore zero.

Fig. 9. Fuel kernel Dancoff factor as a function of the ra-
dial position in the pebble fuel zone for a fuel kernel with a
100-mm radius. Each point corresponds to one million MCNP
neutron histories. The fuel zone is divided by the dashed ver-
tical lines into 10 equivolumes. The filled symbols are extrap-
olated~second-order function! from the five outer MCNP points.
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Eq. ~29!, while the symbols correspond to the volume-
averaged Dancoff factors calculated with MCNP. Each
symbol in Fig. 11 is obtained through volume-averaging
20 to 35 Dancoff factors of individual kernels with dif-
ferent radial positions. The Dancoff factor of an indi-
vidual kernel has been determined after one million
neutron histories, which results, without variance reduc-
tion techniques in MCNP, in a statistical uncertainty of

;0.5%. One Dancoff factor calculation involves a CPU
time of ;15 min on a 300-MHz Dec Alpha-2100. For
example, if 28 individual kernel Dancoff factors are in-
cluded for a particular volume-averaged Dancoff factor
calculation, the total CPU time equals 7 h. This means
that every symbol in Fig. 11 needed a CPU time of this
order of magnitude. On the other hand, the evaluation
of the analytical formula@Eq. ~29!# by a FORTRAN code
requires,1 s.

The MCNP results are in good agreement with the
analytical results for the 250-mm kernel. However, for
the 100- and 110-mm kernels, the MCNP results are ev-
erywhere lower than the analytical results. The maximal
differences amount to 0.01 in the absolute sense and 8%
in a relative sense. The differences are probably caused
by streaming of the neutrons in fuel kernel–free planes.
These channel effects become relatively important if the
spacing between kernels becomes larger, which is the case
for small kernels and for low kernel densities.

IX. CONCLUSIONS

The Dancoff factor for fuel kernels embedded in a
graphite matrix of infinite dimensionsC`

fk has been calcu-
lated by three existing analytical methods and two MCNP
calculations. The MCNP model, in which fuel kernels are
randomly positioned in a graphite matrix, is the reference
case. TheC`

fk values obtained with the MCNP model, in
which the fuel kernels are positioned in a rectangular cu-
bic lattice, differ from those of the reference case by max-
imally 18%, which is caused by channel effects in the
lattice. Janssen’s analytical formula forC`

fk shows an un-
derestimationofmaximally5%with the referencecase.The
maximal relative errors appear at low coated particle den-
sities and for small kernel radii. In these cases the Dancoff
factor is low, which implies that the effective escape prob-
ability is fortunately relatively insensitive to an error in the
Dancoff factor. Janssen’s rational expression, which is a
simplification of the analytical one, gives results that are
within the error margins of those of the reference case.The
results of Lane’s formula for low coated particle densities
and low kernel diameters lie within the error margins of
those of the reference case.

An analytical formula for the average Dancoff fac-
tor of fuel kernels embedded in the fuel zone of a peb-
ble C fk has been derived. It turns out thatC fk can be
written asC`

fk times a correction factor, which accounts
for the double heterogeneity of the system. This correc-
tion factor depends on the radius of the fuel zone of
the pebble, the Dancoff factor of the pebble’s fuel zone
C`FZ, the coated particle density in the fuel zone, and so
on. The dependence of the correction factor with re-
spect to the fuel zone radius and pebble shell thickness
has been studied. The results of the analytical formula
were in close agreement with the MCNP results.

Fig. 10. Fuel kernel Dancoff factor as a function of the
radial position in the pebble fuel zone for a fuel kernel with a
250-mm radius. Each point corresponds to one million MCNP
neutron histories. The fuel zone is divided by the dashed ver-
tical lines into 10 equivolumes. The filled symbols are extrap-
olated~second-order function! from the five outer MCNP points.

Fig. 11. The average fuel kernel Dancoff factor as a func-
tion of the number of coated particles~grains! in the fuel zone,
with the fuel kernel radius as a parameter. Analytical~solid
lines!; MCNP ~symbols!.
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The average Dancoff factor for the fuel kernelC fk

as a function of the number of grains in the fuel zone has
been calculated analytically and with MCNP. This has
been done for the standard pebble, with a 6-cm diameter
and a 5-cm fuel zone diameter. In the case of a 250-mm
fuel kernel radius, the methods are in good agreement.
However, for the kernel radii of 100 and 110mm, the
MCNP calculation shows smallerC fk values than those
of the analytical method because of channel effects in
the rectangular lattice used in the MCNP model.

The calculation of an averaged fuel kernel Dancoff
factor by MCNP requires typically a CPU time of 7 h.
Since it is, so far, impossible to model ten thousands of
randomly positioned coated particles in the pebble fuel
zone, one has to rely on coated particles arranged on a
rectangular lattice, which introduces for small kernels and
low coated particle densities errors due to channel ef-
fects. We recommend calculation of Dancoff factors with
the analytical formula presented in this paper since this
method consumes practically no CPU time, does not re-
quire the building of MCNP models, and gives very good
results.

APPENDIX

A.I. DANCOFF FACTOR SENSITIVITY
OF RESONANCE INTEGRALS
AND OTHER PARAMETERS

In this appendix, we investigate whether an accurate
calculation of the Dancoff factor is important to obtain
core performance parameters of an HTR. First, the sen-
sitivity of resonance integrals to the Dancoff factor is stud-
ied in a theoretical way. This is done for unbroadened
~T5 0 K! resonances because this allows a rather simple
analytical approach. It will turn out that the resonance
parameters of each resonance determine a certain lump
size for which the corresponding resonance integral is
most sensitive to the Dancoff factor. As an example, we
determine the radius of a spherical lump for which the
Dancoff factor sensitivity of the important 6.7-eV reso-
nance integral of238U is maximal. If the Dancoff factor
equals 0.667, this radius appears to be identical to that of
a UO2 fuel kernel. The combination of the aforemen-
tioned radius and Dancoff factor corresponds to an HTR
pebble that contains;38 000 coated particles. For this
pebble, a double-heterogeneous unit-cell calculation was
carried out, for which the Dancoff factor sensitivity of
several reactor physics parameters was examined.

A.I.A. Analytical Approach

The narrow resonance infinite mass theory, in con-
junction with Wigner’s rational approximation for the

first-flight escape probability, yields for the resonance in-
tegral of an unbroadened~T 5 0 K! resonance2

I 5 I`! b

11 b
, ~A.1!

whereI` is the infinite dilution resonance integral and

b 5
sp 1 ~Na NlF

' !21

s0

G

Gg

, ~A.2!

where

sp 5 potential scattering cross section of the reso-
nance absorber

s0 5 total microscopic cross section at the reso-
nance energy

Gg 5 natural line width for capture

G 5 total natural line width.

The term~Na NlF
' !21 is commonly known as the micro-

scopic escape cross section, in whichNa is the nuclide
density of the resonance absorber andNlF

' is the Dancoff-
corrected~or effective! mean chord length of the fuel
lump, which reads

NlF
' 5

NlF

12 C
, ~A.3!

where NlF is the mean chord length of the fuel lump@4 3
volume0surface~Ref. 5!# andC is the Dancoff factor. The
Dancoff factor sensitivity coefficient of the resonance in-
tegral reads as follows:

C

I

]I

]C
5

C

2~12 C!

sp

s0
2 b

b~11 b!
. ~A.4!

A maximum of the sensitivity coefficient occurs if

b 5
sp

s0
1 !sp

s0
S11

sp

s0
D' !sp

s0
, ~A.5!

where the approximation is valid for dominating reso-
nances withsp ,, s0. Figure A.1 shows the Dancoff
factor sensitivity coefficient~C0I !~]I0]C!, multiplied by
2~1 2 C!0C, as a function ofb~sp0s0!2102, with sp0s0

as parameter. Equations~A.2! and ~A.3! show that
b 5 %sp0s0 corresponds to

NlF
' 5

NlF

12 C
'

1

NA!sps0

G

Gg

. ~A.6!

This expression gives the effective mean chord length of
a fuel lump for which the resonance integral of a partic-
ular resonance is most sensitive to the Dancoff factor.
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For b 5 %sp0s0, the Dancoff factor sensitivity co-
efficient for the resonance integral is maximal~in the ab-
solute sense! and becomes

SC

I

]I

]C
D

max
' 2

C

2~12 C!
. ~A.7!

This reveals that if the Dancoff factor is tending to unity,
the resonance integral becomes more sensitive to the
Dancoff factor. WhenC 5 0.667 the Dancoff factor
sensitivity coefficient of the resonance integral reads
~C0I !~]I0]C! 5 21. This means that if the Dancoff fac-
tor is overestimated by 1%, the resonance integral~and
thus the group cross section that embraces the reso-
nance! is underestimated by 1%. The 6.7-eV resonance
of 238U is characterized byGg 5 23.0 3 1023 eV, G 5
24.53 1023 eV, s0 5 2.4 3 104 eV, andsp 5 11 b. For
a nuclide density of 0.021 b21{cm21, Eq. ~A.6! shows
that the resonance integral of the mentioned resonance
is most sensitive to the Dancoff factor ifNlF 0~1 2 C! 5
0.099 cm. The radius of a spherical lump that corre-
sponds to this chord length is equal torF 5 3

4
_ NlF 5

0.0743 ~1 2 C!. For C 5 0.667,rF 5 0.025, which is
identical to that of a UO2 fuel kernel in an HTR. The
aforementioned Dancoff factor refers to a pebble that
contains;38 000 coated particles~with UO2 kernels!,
which corresponds to 22.8 g HM per pebble.

A.I.B. Dancoff Factor Sensitivity of Several
Parameters Obtained from Calculations

For the aforementioned HTR pebble~38 000 UO2

coated particles, 22.8 g HM per pebble, and 5.8 wt% en-
richment!, a double-heterogeneous cell calculation with

the SCALE code package has been performed. This in-
volves, subsequently, a grain-cell calculation, in which
the resonance shielding is carried out, and a pebble-cell
calculation. The weighted fine-group cross sections of
the grain cell are passed on to the eigenvalue calculation
of the pebble cell. The validity of this two-step approach
has been demonstrated in Ref. 17 by comparing several
reactor physics parameters to those obtained by MCNP
calculations. Moreover, the same document shows that
single-heterogeneous calculations yield unsatisfying re-
sults. As the preceding theoretical analysis was based on
unbroadened resonances, the calculation has been done
at a temperature that was as low as possible, namely, 10 K.
However, to obtain results for a realistic pebble as well,
the same calculation was repeated withT 5 1200 K.

Table A.I shows the change of some reactor physics
parameters due to a reduction of the Dancoff factor by
10%. The Dancoff factor is denoted byC, sg

g ~in barns!
is the shielded group cross section between 5.04 and
9.2 eV ~containing the 6.7-eV resonance of238U!, Ires

~in barns! is the effective resonance integral~Nordheim
method! of all resolved resonances lying between 1 and
677 eV,k` is the infinite multiplication factor,p is the
resonance escape probability, andC, is defined as the
238U capture rate divided by the235U fission rate.
Table A.I shows that a reduction of the Dancoff factor
by 10% causes an increase ofsg

g , also by almost 10%.
This is in agreement with the Dancoff factor sensitivity
coefficient of ~C0I !~]I0]C! 5 21 mentioned previ-
ously. ForT 5 1200 K, the changes of the parameters
due to a reduction ofC are slightly larger than those of
T 5 10 K. The changes ink` and C, amount to23.7
and19%, respectively.

In conclusion, the Dancoff factor sensitivity coeffi-
cient of the resonance integral of a single resonance is
determined by the size of the lump, the absorber density,
the Dancoff factor, and the resonance parameters. The

Fig. A.1. The Dancoff factor sensitivity coefficient of the
resonance integral,~C0I !~]I0]C!, multiplied by 2~1 2 C!0C,
as a function ofb~sp0s0!2102 with sp0s0 as parameter.

TABLE A.I

Changes of Several Reactor Physics Parameters Due
to a 10% Reduction of the Dancoff Factor

C sg
g Ires k` p C,

Uniform T 5 10 K

0.6667 33.48 281.0 1.339 0.569 0.585
0.6 35.87 282.6 1.299 0.556 0.625
210% 17% 10.6% 23% 22.4% 17%

Uniform T 5 1200 K

0.6667 52.34 290.1 1.085 0.457 0.988
0.6 56.73 290.9 1.044 0.438 1.074
210% 18% 10.3% 23.7% 24.2% 19%
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closer the Dancoff factor is to unity, the larger is this co-
efficient. The degree to which the resonance integral of a
single resonance contributes to the total resonance inte-
gral determines the Dancoff factor sensitivity of the lat-
ter. Because both the moderator-to-fuel ratio and the total
resonance integral determine the resonance absorption rate
and thusp andk` , each system requires its own Dancoff
factor sensitivity study.
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